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»Qa;z©a_c8(Eyd
HGJ
votwdµ¯ämqdc3zí²´Svymqz½o:z{«yd¸\L±o3mpavy~x}_twdvo:drÃo:a;¥o3mp~wa F:vtx©dcÅ twd
:dr~;dV_oqv_µmpz©c3x©z½º;dV­«ydmpz©v ¬ v3»Qz{:dx©drm:m3vycscu~z}oqz©v­mqz{wdFnzSdrqdryo3~;mqdmsv:c8x©x{k
mqa;qdsoqa;dmqcsd8mpo:oqz}mo:z©rxI:vSdqoqz©drmrÁÍz\¸ dy¸{Á
k1 = k2
¸¹ z{oqavy~no"x©vym:mv¬drdx©z½okyÁ(»¼d3¬ ~;po:ad
ymqmq~c3d
k1 = k2 = 1
¸L´o:az©mªmqdÁgF³±qk8awmqdmqaz{¬íoqz©#Edrklz{F¯MgF¼e]"²c3vnn~x}¥o:z{vym:adc3d
z}mQ~;mqdro:v3oq;mqc3z½oQo:admqklctSvx}m¸`aO~wmÁ;oqadmpoq~wnz{dV:vtx©dc z{oqa;z©mª;SdªrtSdndrm::z©twdV
ymQndo:d:c3z{z©soqa;d:dhv¬
α
»Qaz}ac8Edrmo:ad¬ vx©x©v¥»Qz{3mqdc3z½³´x©drtz}ªmqdo
8
>
>
<
>
>
>
:
|g11|(2|g11|
2 + 4|g12|
2 − 2α|g21|
2) − α|g12||g21||g22| = 0
|g12|(2|g12|
2 + 4|g11|
2 − 2α|g22|
2) − α|g11||g21||g22| = 0
|g21|(2|g21|
2 + 4|g22|
2 − 2α|g11|
2) − α|g11||g12||g22| = 0
|g22|(2|g22|
2 + 4|g21|
2 − 2α|g12|
2) − α|g11||g12||g21| = 0
α > 0, |g11| > 0, |g12| > 0, |g21| > 0, |g22| > 0
   
a;Î«d9:drxSmqvx©~no:z{vy;m¸ L´o:adhcsdV oqz©csdyÁx©x;o:adrmqdmpvyx{~no:z{vy;m¼c3Ed
HGJ
votwd3¯ämqdc3zí²´Svymqz½o:z{«yd¸
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Qrvy:nz©Fo:v¨o:adtSv¥«d mqdroqz©vÍÁ»d9Elv¥» o:a;¥osoqadº;mo3:vtx©dcÅdrdrmoqvµtSdmqvx©«dV_z©moqv
doqdrqc3z©d9o:adhqvlvonz}mo:qz©t~no:z{vy v¬6;c3doq:z©9mqknmo:dc ¯-HPy²¸¹dqdVmqm¼mp~;a":vtx©dc¿tlk
z©l«dVmo:z{O¥oqz©uoqadl~cutwdrQv¬.qdVx(:vOvo:mv¬6oqa;d¬ vx©x{v¥»Qz©8mpdrc3z½³´x©drt:z©mpdo
S :









p1(X, α) = 0
p2(X, α) = 0
· · ·
ps(X, α) = 0
f1(X, α) > 0 . . . fl(X, α) > 0
¯-HV²
»Qa;d:d
X = {X1, . . . , Xn}
z}moqadmqdov¬¼z©;ndo:d:c3z{;oqdVmÁ
α
z}m ~;z©|O~d8wc3do:dVÁ
pi
w
fiqd9oqadwvyx{klvycsz}x}mIz©8o:d:c3m·v¬
X
;
α
¸;v¼v~mpSdrz½ºwympdyÁ
X1 = |g11|, X2 = |g12|, X3 =
|g22|, X4 = |g21|
Á
pi
;
fi
:doqad"Svx©klvc3z}x}mQz©oqd:c8mQv¬
X
;
α
ndº;z©8o:ad"dr|O~;oqz©v;m
; z©dV|y~wx©z½o:z{dVmuv¬u¯ HQPO²qdVmpSdroqz©«drx{k:L±o8mpa;v~x} tSdvo:dr_o:a;¥o3o:adº;:mpo8nd:z{«¥oqz©«d v¬c8lk
mpoqvna;ymo:z©y:ynz©dOox©vyqz{oqa;c3m9~;ndrmqvc3d"oqz}x
vwmo::z{Oo:mªFtSdc3vnndrx{dVFtlkmqknmo:dc
¯-HV²¯MmpdrdZGÙAJ±Á=GHVKJ±Á=GHHJ±Á=GHVKJ±Á=GH KJ±ÁG  KJí²¸ªmª:drmq~x{orÁndr«drx{vyz{;d;dxOcsdoqavnoqvndo:d:c3z{d
o:ad8:vOvoz©mpoq:z{t;~noqz©vµv¬Qmpdrc3z½³´x©drt:z©umpdo¯ HV²µ:v¥«lz©nd3~z{¬ v:c ¬ c3du¬ v"wx©k*Vrz{;
o:ad"vyl«d:dr;dv¬¬äc3z{x©k v¬mpoqvna;ymo:z©nz©dOo9x©vyqz{oqa;c3mr¸
¹µdQnvvoz©«dlk:vlv¬z©o:az©mmqdroqz©vÍ¸gFvOmov¬o:adc c8ÎkhtSd¬ v~wz©uc8Ok;x©ydrmrÁw
dVmpSdrz©x{x©kz©UG KJ±¸Ivyoqad:drmq~x{o:m»Qaz}anv8vo9wdVo:ad:dÁn»d»Qz{x©x(z©«ddÀl;x{z}z{o9qd¬ d:d;drmr¸
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L´uoqa;dmqdr|O~drxMÁ»¼d»Qz{x©xntSv:qv¥» mqvc3ddx©dc3dOo:m.¬ :vc x©dt;:z©ydvycsdoq:k";s~;c~x}¥o:z{«ydx{ydt
o:v mpvyx{«ydFmpknmpoqdcj¯ HÎ²/¸ `6vµ¬äz{x©z{o:¥o:dFz{x©x©~;mo::oqz©_v~;8csdoqavnm c3v:ddVmqz{x©kÁ»dFz{Ooq:vnn~;d
c3z©z©c3x6nz}/o:z{vy;:k¥oº;moV¸Ivy9mp~;as~:wvOmpdyÁdrm:mqdOoqz}x(mpoq:~;/o:~qdz}moqa;dz©ndVx\¸
+Ç-,
/. ¢ . Ë 10 7 k > W32'$I	54 (	MI$ P1, · · · , Ps > /.=
=(76(@(  k[X, α] 8:9 .=<; = (
〈P1, · · · , Ps〉 = {
s
∑
i=1
hiPi : h1, · · · , hs ∈ R[X, α]}
¯ HVy²
/.= 	 ()*$ $%( 	9> 6
P1, · · · , Ps 8
¹µd_ndvoqdµtlk E = 〈p1, . . . , ps〉 o:adz}ndVxdrd¥o:dr tlkDoqa;dSvx©klvc3z}x}mdº;z©ÄoqaddV|O~;¥o:z{vy;mhz{ ¯ HÎ²wtlk F = {f1, . . . , fl} o:admpdov¬wvyx{klvycsz}x}mndºwz{;o:ad8z©dr|O~;x{z{oqz©drmz©Äoqadz©dr|O~;x{z{oqz©drm3v¬s¯ HÎ²/¸ `adydvc3doq:z©rxvtndV/o:mso:vtSd[mpoq~;nz©dr®:doqadF«¥:z©dok_v¬oqad
z}ndVx E ;Foqad3mpdrc3z½³´x©dt;:z©mqdovwmpz}mo:z{;z{¨oqadsSvz©yomªv¬oqaz}m«Îqz©dok»Qaz}a¨m:¥o:z©mp¬ koqadz©dV|y~wx©z½o:z{dVm¸µgFv:dv¥«ydVÁ
m:mq~c3z{[oqa;o
k = Q
Áo»v¨mpdouv¬9«Îqz©do:z{dVm"»Qz©x{xtSdmpoq~;z{dV_z{­oqaz}m
wSd·»Qa;z©a8z©;x©~;ndªoqadvc3x©dÀ3«¥:z{dok¯ oqadhmpdo·v¬Ívc3x©dÀ?Vd:vldrmv¬6z©«dr3z©ndVxí²w3oqad
:drx;«¥:z©dok¯íoqa;dhmqdov¬Í:drx VdrqvOmIv¬6z}ndrx}²¸{¸¾vo:av¬(o:adcqdªdº;dVz©;ndrwdr;ndOo:x{ks¬ :vc
o:ad"avOmpdrmqdo9v¬.drd¥o:vm¼v¬6o:adz©drx\¸
ð
	Íðíö
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 	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+Ç-,
/. ¢ . Ë   7 P1, · · · , Ps > +=(76(@(   Q[X, α] 8 9 . $ ;  
V (P1, · · · , Ps) = {X ∈ Cn+1 : Pi(X, α) = 0, 1 ≤ i ≤ s}.
¯-HÎ²
  =  V (P1, · · · , Ps) K
.  6	 2; 	> 6 P1, · · · , Ps 8 9 . 2% ( K($ 6 ;7>  	( 	> 6
(P1, · · · , Ps) ∩ Rn+1 8
ªvo:ad
z{c3Svqo:Oo
v;dno.»Qaz}addVm(o:v9twd¼z{Oo:qvnn~;drz}m 	(  = (  6 ¸ÍvlvOmpdrx{k
mqSdr(Elz©;ÁÎªz©m::z{c3z©;Oo6«¥qz©dokyÁÎdvoqdrtlk
WD
ÁÎz©m.x{ydtz}«¥:z{doku¯Mmpknmpoqdc8m
v¬;x{ydtz}
dV|O~;¥o:z{vy;mndSd;z{8vyx©k8voqad;:c3doqdr:m²Idº;z©u;qoqz{oqz©vv¬.;c3doqd  mmq;ydhz{Ooqv
mq~t;mqdom»Qaz}aqd
	 oqad"z©m::z{c3z©;OoQ«¥:z{dok WD z{o:mqdx{¬Á;w
	 vSdÃvydroqdVnz}mävz©yo"mq~t;mqdom U1, · · · ,Ur v¬·;c3doqdmAmq;yds»Qaz©aµnvvoz©;mqdr/ooqadnz©m::z©csz©;yoI«¥qz©doks;3mq~;asoqa;o¼lkumqvx©~no:z{vysv¬¯-HV²»Qaz©a3o:ad9;:c3doqdr:m.x©klz{
z{mqvc3d Ui twdrx{vyymoqvoqa;d9z{c8dv¬Í8;x©kOoqz}¬ ~;/o:z{vy8v¬ Ui z©Ooqvo:adªmqvx©~noqz©v;mIv¬¯ HVy²/¸
¿c3vyqd3:drz©mqd8ndº;;z½o:z{vyµv¬nz}m::z{c3z©;Oo«¥:z{dok¨tSd8¬ v~;;µz{ GIHÎQJ±¸ '9vyqc8x©x©kÁ(o:adnz}m³
qz©c3z{wOo«¥qz©dokz}mQndº;drz© o:ad"vycs;x{dÀympdyÁOz\¸ d¸v;dz}mz{Oo:d:drmpoqdr»Qz{oqaoqadmpoq~;kv¬.oqad
vc3x©dÀ8:vOvo:m¼v¬Ío:admpknmpoqdc S̃ vto:z©dV8tlk8qdrx©yz©"o:adhz{dV|O~;x©z½o:z{dVm·z© S »Qz{oqaz{dV|O~;¥o:z{vy;m¸¾~nohoqa;d3dº;z{oqz©vwmvc3cu~noqds»Qz½o:a¨o:ad3z{Oo:dmpdV/oqz©v¨»Qz½o:a¨o:ad3qdVxmp;ydy¸Nd3¨oqal~;mº;mo
dº;duoqa;d3z©m::z{c3z©;Ooh«Îqz©dok
WD
¬ vyo:ad3vc3x©dÀ¨mqknmo:dc S̃ ;[oqadrydohoqadsqdVmo:qz}/o:z{vy
WD ∩ R
mQ3nz}mqqz©c3z{wOoQ«Îqz©dok v¬ S ¸ «drqkz{Oo:d:drmpoqz© :vSdqokv¬¼nz}m::z{c3z©;Oo«¥qz©do:z{dVm9z}mªo:a;¥oVÁAz½¬
u
w
v
qdo»¼v«dV/oqvy:m
v¬wc3do:dm»Qa;z©a_tSdx©vo:voqadm:c3d Ui Á6oqad mqSdrz}x©zIVdrÃmqknmo:dc8m Sα=u ; Sα=v a;Î«yddÀ/o:x{k oqadumqcsdO~;ctSd9v¬:drxÍ:vOvo:mr¸¾ympdVvyoqaz}m9:vSdqokÁ;»¼d Elv¥»$oqaw¥oªvyd Edrkmpoqdr
z©Ãmpvyx{«lz© vy~qvytx©dc z}mªo:vFvc3~oqd8z©m::z{c3z©;Oo«¥:z{dok
WD
v¬ S ¸8elz©;dso:ad:duz}mhvx©kvydh;c3do:d¯
α
²z{v~;mpoq~wnz{dVmqknmo:dcÁndoqd:c3z{;z{
WD
v¬ S Ánvyc3vyqdh:drz}mqdx©kv~;yo:z{;o:adl~ctSdQv¬mqvx©~no:z{vy;mv¬.oqad"mqknmo:dc»¸ r¸ or¸
α
qdrc3z{wmoqv
	 mpdo α0 = 0 w αr+1 = ∞ ;$vycs;~noqdµqdVxhl~ctSdm α1, . . . , αr mq~;a oqaw¥oFv¥«dr
]αi, αi+1[, i = 0 . . . r
Á
V (S) ∩ R z}mh¨wx©kyo:z©uv¥«yd:z{8v¬ ]αi, αi+1[ ¬ vyªo:adu;qvdr/o:z{vyvo:ad
α
³±Ànz©mrÁ;z\¸ dy¸{Á
V (S) ∩ R z}mQoqa;d"~z©vFv¬;x©kOoqz}t;a;drmQ»Qaz}a[nv8voz©Ooqdmqdr/ov¥«drrÁ
]αi, αi+1[
¸
'9voqd·oqa;o6oqa;z©m.:vSdqokz©;n~wdrm6oqaw¥o6o:ad¼mqknmo:dc'a;ym6ªv;mpo:Oo6l~c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ft(T ) = 0, X1 =
gt,X1(T )
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, . . . , Xn =
gt,Xn(T )
gt,1(T )
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ft, gt,1, gt,X1 , . . . , gt,Xn ∈ Q[T ]
Á
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
(S)(∩R) ≈  (ft)(∩R)
α = (α1, . . . , αn) → t(α)
(
gt,X1 (t(α))
gt,1(t(α))
, . . . ,
gt,Xn (t(α))
gt,1(t(α))
) ← t(α) ¸
¯\²
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	 z©«dr¨lkwvyx{klvycsz}x t Á(vc3~oqdu3[ª³p°;z©oqd ft, gt,1, gt,X1 , . . . , gt,Xn mq~;aFo:a;¥oz½¬
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Q[X1, . . . , Xn]/I
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	 ft = ∑Di=0 aiT i z©m¼o:ada;oqd:z}mo:z©QSvx©klvc3z}xSv¬ mt ¸Ído~wmdvoqdhtOk ft z½omQmq|O~;qd³¬ qdrd;qor¸
	 ¬ vIOk v ∈ Q[X1, . . . , Xn] Á gt,v = gt,v(T ) = ∑d−1i=0 Trace(mvti)Hd−i−1(T ) Á d = deg(ft);
Hj(T ) =
∑j
i=0 aiT
i−j
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dVaz©yo:d:«¥x6z©[vy:ndrQoqv d;mq~:doqa;oz{ohnvldrmªvohvOoz©[lk :drx6:vOvo9v¬
gt,1
¸ªenz{;d
ft
w
gt,1
:dv³±:z{c3dÁyoqa;z©mQvc3~no¥oqz©vz©mdVmqk¸`adÍÁn»d d;mq~:dªo:a;¥ooqad¥o:z{vy;xw¬ ~;oqz©v;m
ð
	Íðíö
 
		 !#"$%$&	'#$(*)*+	'-, ( )*/.0#21315417698: ;%, $ 	3	<, =?>$;@4-( )A>B$ $ HV
rtwdd«¥x{~;oqdVtlk8~;mqz{sz©yo:d:«¥x(:z½o:ac3do:z©rm»Qz½o:av~noQlkr;dx}¥oqz©vv¬Ío:adnd;vc3z{w¥oqvyr¸
`a;dQx©ymod«¥x{~;oqz©vsz©mIwdrp¬ vyqc3drutlk"~;mqz{;c~x{oqz{³\;qdVz}mpz©v3:z½o:ac3do:z©rmQ¯ägF· L;y EÎd¼³ G OQJ ²/¸
g[v:dv¥«drrÁoqad¥o:z{vy;xw¬ ~;oqz©v;mQndº;dV tlk3oqa;d"'[ qdmotx©dh~;ndrQO~;csdrqz}xAd«¥x©~;¥o:z{vy
dr«dr_z½¬9o:adz©3vldz©dOom:d al~yd¥oqz©vwx·l~cutwdr:mr¸¨`al~;mrÁoqadz}mpvyx©oqz©vÃv¬Qo:ad:drx·:vlvo:m
vOdVmvo9z©l«vyx{«ydal~ydvc3;y/oqz©vt~ndrÍ¸I`6v3z©;:drympdho:ad:drz}mqz{vy v¬.oqa;dqdVmp~x{orÁ;z½o9z}mvx©k
;drdVmqm::k"o:vsdr:drympd9oqadhx{dro:av¬(o:adhz{Ooqdrq«¥x©m¼z{
lft
»Qaz©a twdhdrympz©x{k8nvydªtlk3tz}mpdV/o:z{vy
vy~wmpz©Fdqoqz{º;dr '9dr»oqv  mx©vyqz{oqa;c¸ '9vo:dsoqa;ohz{oz©m|O~z{oqd8mqz{c3x©do:vFdqoqz{¬ koqa;d3mqz©¨v¬
o:ad"vlvy:nz©;oqdrmr¸
  .   ¡ Ë  ·Ë / È  Ë  . ¤$/M¡ ¤n¢F¢ % Ç £ ËÍË ¢r¡ Ë  ¤D¡ È ¡r¢ Ç  ~dsoqvo:ad8dÀnz}mo:d;duv¬¼z©dr|O~;x{z{oqz©drmz©¨mqdc3z{³±x{ydtz}mpknmpoqdcÁAz{oz}mªz©c3wvypoOo9oqvnd«ydx©v[8c3doqavn¨vc3~no:z{;8oqad3mqz{yFv¬Iz©«dr
cu~x{oqz©«Îqz}¥o:dSvx©klvc3z}x}mª¥ohoqa;du:drx6:vOvo:mv¬·mqknmo:dc ¯ HÎ²ªz½¬·z{oz©m Vdrqv³±z{c3dwmpz©v;xM¸RL´;mo:dry
v¬  )Q)*) mo::z{yaOop¬ v:»nx{k oqads¬ vyqc8xvOvy:z{;oqdVmª:v¥«lz©drFtlkFo:ads3[*z©Ooqvoqad
fi
Á(»¼d
tSdoqoqdrdÀOo:d;Foqads'[tlkFvc3~oqz© ¥o:z{vy;x(¬ ~;;/o:z{vy;m
ht,j
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:d  \ {x ∈ C5, f = 0, f ∈ F}tlkµI:vSvymqz½o:z{vy^H; ¸[`az©mu«¥:z{dok¨:d:drmqdOomoqadmpc8x©x©drmpoux©drt:z©3«¥qz©dokµvOoz©z{;
x{xoqa;d¨t;a;drmv¬  ¯äz½oz}mo:aO~wmvOo:z{dV z© ²8¬ v»Qaz}a v;d¨v¬o:adµwvyx{klvycsz}x}mv¬
F z}m3z©dOoqz}x{x©k_l~x{x\¸D`adÍÁ¼»¼dvyc3~noqd PF tOk­~;mpz© E ′ z©;mo:dry­v¬ E ;Ävtnoz{ PF =
α(α− 3)(α− 1)(α− 2)(α + 1) ¸`adQdÀnx{z}z{o·vyc3~no:oqz©vsv¬Aªºwz½o:d9mpdo·vyyoz©z©
O∞
stSd9nvd~;mqz©"x}m:mpz}xlqdVmp~x{o:m
¬ :vc G JvG P(J\¸ Nd3Fº;movc3~oqd3Ïh:Ðtdrªt;ympz}m
G
v¬
I
¬ v
<α,X
;o:adµvwmpz}nd
x{x
oqa;dSvx©kO;vc3z©x©m
LC(g, <X), g ∈ G
¯ä»Qaz}a[twdrx{vyo:v
Q[α])
¸
O∞
m»dx©x.ymªwqov¬
Ocz}muz{;x{~wndr_z©_o:ad~;z{vy v¬Qo:ad :vlvom"v¬Qo:adrmqd ~;z{«¥qz}¥o:dwvyx{klvyc3z©x©m Á»Qaz©a­kOz©dx}msmpvyc3d
dÀloqdrv~;mhSvz©yom»Qz½o:aÃvdvyc3doq:z}x.c3drz{;;¸ªzAd:dOo"»Qz½o:a¨o:adrmqdx}m:mqz©rxc3doqa;vl;mÁ6
c3vyqddz{dryo9:vyaz©mz©Ooq:vnn~;dVym¬ vx©x{v¥»9m»Qa;z©aklz{drx©m9x{dVmqmQvc3~no:drwvyz{Oom¸
$&% ÇlË £ Ç   7$
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  ; 8  8  8 
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*)
<α,X 8 % <X  Z/.= )(!! Z  $   = !)%! .0 = %	$0)? 8  8 X1 < . . . < Xn 8  	 2;
g∞i = gcd{LC(g, <X) | g ∈ G , ∃m ≥ 0, LM(g, <X) = Xmi } 8 9 . $!4
  O∞ =
⋃n
i=1

(g∞i ) ∩ R
4 ;7.=% 
(g∞i )
	 $
/.=0
 = R  A%?3 g∞i 8
`adh:vlv¬6v¬Íoqaz}m¼oqadrv:dc%;wdVm·z© GIHÎQJ(»Qaz}a z}mt;mqdrvo:adhqvywdrpo:z{dVm·v¬Íoqa;dhmqwdVz}x
c3vyvc3z}x(vndrqz©;¸
'ªvoqdoqa;ompz©;d
O∞ =

(
∏n
i=d1 g
∞
i )
Á
vydÃdº;d
O∞
mho:ad mqdo"v¬:drxVdrqvldrmv¬
~;z{«¥qz}¥o:d"wvyx{klvyc3z©x
P∞ ∈ Q[α]
¸ªvyªv~;ª:vtx©dcÁw»¼d"vytno:z{
P∞ = α(α − 3)(α − 1)(α +
3)(α + 1)
¸Ídond;voqdtOk
α0 = 0, α1 = 1, α2 = 2, α3 = 3
oqa;d"qdVxÍSvz©Oo:mªv¬.oqadsnz©m::z©csz©;yo
«¥qz©dok3;z{Ooq:vnn~;d
α4 = +∞
¸¾mqdr3vy8oqa;dª:d«lz©v~;m¼vc3~o:¥o:z{vyv
Pc, PF
;
P∞
ÁO»¼d
rº;;uoqa;oImpknmpoqdc S awmhvwmoOoº;z{oqdl~ctSdv¬w:drxl:vlvo:m.v¥«yddrya ]αi, αi+1[, i = 0..3vyrÁydr|O~z©«¥x©dOoqx©kÁ¬ v·dVa
i = 0 . . . 3
Áyoqadmpknmpoqdc8m S ∪{α = γ} a;Î«yd9"vy;moOo·l~cutwdr·v¬(:drx:vlvom ∀γ ∈]αi, αi+1[ ¸QgFvyqdrv¥«dVÁnz{oªa;msº;z{oqd"l~cutwdrªv¬:drxÍ:vOvo:m¬ vy α = 2 mpz©;d 2 z}m9;vos:drx(qvlvov¬
P∞
¸
mFndrm::z{tSdr z{ mpdV/o:z{vy$¸IHÃ;$vnz©_oqv `adrv:dc HÁvdµdrdrmo:vÄSdq¬ v:coqad
¬ vyx{x©v¥»Qz©o»v8vycs;~no:oqz©v;mo:vs;qv¥«ydªo:ad"`advyqdrc  
	 ¬ v i = 0 . . . 3 ÁAo:Edlk¥o:z{vy;x.l~ctSd βi ∈]αi, αi+1[ w[vy~Ooo:adul~cutwdrv¬·:drxqvlvo:m8v¬ S ∪ {α = βi 
 »Qaz©a z}m8o:ad¨v;mpo:yol~cutwdr v¬h:drx9qvlvo:m8v¬x{xmpknmpoqdc8m
S ∪ {α = γi}
»Qz½o:a
γi ∈]αi, αi+1[
¸
ð
	Íðíö
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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/.0#21315417698: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$ 	3	<, =?>$;@4-( )A>B$ $ HÎ
	 ¬ vQdVa αi Á i = 0 . . . 3 Ámqvx©«dhoqadmqknmo:dc S ∪ {α = αi} ¸
L´Fo:aduº;:mpormqdÁSvd";ddr;m9o:vmqvx©«dmqknmo:dc8m9»Qz{oqa¨º;z{oqduO~;ctSdhv¬·vyc3x{dÀ:vlvomªw
o:v¨vyc3~noqdoqad mqz©_v¬o:adSvx©kO;vc3z©x©m¬ qvyc F = {X1, X2, X3, X4} ¥odVaÃqvlvor¸YL´_oqadmqdrv;3rmqdÁvyd9c8Îkydo¼mqknmo:dc8m»Qz{oqa 8z{º;z{oqdªl~cutwdrIv¬Ívc3x©dÀ8mpvyx{~no:z{vy;m9¯äz½¬
α
twdrx{vyym
o:v
O∞
²/¸Fel~;a Fympd8vnr~mvx©k¨z{¬
α = 1
v
α = 3
¸elz{wd8o:ad
αi
qd3:drxIl~ctSdmÁ
vd
»Qz©x©xImpvyx{«ydsmqklctSvx©z©rx©x{ko:ad8mpknmpoqdc8m
S1 = {α = 1, g = 0, f > 0, g ∈ E ′, f ∈ F}, S2 = {α =
2, g = 0, f > 0, g ∈ E ′, f ∈ F}, S3 = {α = 3, g = 0, f > 0, g ∈ E ′, f ∈ F}
z{[vy:d9o:vÎ«yvz}
l~c3drqz}x;;qvÎÀnz©c3oqz©v;mr¸
`al~;mrÁ¬ vy·tSvo:a:vtx©dc8mrÁv;d9a;mIoqvvc3~no:dQoqa;dªl~ctSd¼v¬(:drx
:vlvom·v¬
umqknmo:dc%»Qz{oqa:oqz©v;xwvOdz©dOo:mw8oqa;dmqz© v¬
mqvc3dªSvx©klvc3z}x}mo¼o:adrmqdhqvlvom¸
6do  mQndVmqqz©tSdh;v¥» oqa;dc3z{o:vOvyx©m»d~;mqdr(¸
`adIº;:mpo
vc3~no¥oqz©vz}m(o:v9mpdrx{dV/o
βi
ÁV»Qaz}a":d:oqz©v;x¥O~;ctSdm6vyOo:z©dVz©oqa;dIz{Oo:d:«Îx©m
]αi, αi+1[
¸I¹µdo:Ed
β0 = 1/2, β1 = 3/2, β2 = 5/2, β3 = 4
¸·9¬íoqdªvtnoz©z{;
βi
Á»¼d"mqvx©«d {α =
βi, g = 0, f > 0, g ∈ E ′, f ∈ F}, i = 0..3
; {α = αi, g = 0, f > 0, g ∈ E ′, f ∈ F}, i = 0 . . . 3 ¸ªx©klz{oqadhx©vyqz{oqac¿ndVmqqz©twdV8z© mpdV/o:z{vy ¸Ùn¸ nÁO»¼dZEO;v¥»Äo:a;¥o¼oqadmqklmpoqdrc ¯ HPO²Ix©»Îklm·a;m
	 uqdVx(:vOvo:m¬ vy α ∈]0, 1[ Áw
	 HqdVx(:vOvoQv¥«do:ad:d α ∈]1, 2[ Á α ∈]2, 3[ ; ]3, +∞[ ¸
L´[vy:doqvdoªvycs;x{doqd":drmq~x{orÁSvddrdrºw;x©x{koqvmo:~;nkoqadsmpz{oq~;oqz©v;m9»Qad:d
α = 1
Á
α = 2
;
α = 3
¸
`adºw:mpoImqd»¼ddrdroqv"mpoq~;k"z©m
α = 3
¸
¹µdQvc3~oqd9hx{dÀnz©v;az©ÏhqÐytdrt;mqz©m.»Qz{oqa
X1 > X2 > X3 > X4
»Qaz©avOoz©;mIo:adªSvx©klvc3z}x
(12X44 − 4X24 + 1)(X4−X3)(X4 + X3)
¸
enz{;d
12X44 − 4X24 + 1
a;ymhv:drx
:vlvomÁ(x©xnc3z}mqmqz©tx{dsmpvyx{~oqz©v;mh«drqz{¬ k
X4 − X3 = 0
¸¹d
ysoqa;z©mvy;mo::z{OoIz©Ooqvo:adªmqklmpoqdrc8m¸5L±o¼mqav¥»9mo:a;¥o¼x{dÀlz}vya;z©QÏh:Ðtdr·t;ympz}mIvOo:z{;mIoqad
Svx©klvc3z}x
(X2 − X1)(X2 + X1)
¸s¹µd3y
X2 − X1
;
X4 − X3
z©Ooqvoqadmqknmo:dc w¨z{o:m
Ïh:Ðt;d(t;ympz}mAo:ad"vOo:z{;m(oqadISvx©klvc3z}x
w(3w2−1) ¸
Qz{ X2−X1 Á X4−X3 w 3X24−1o:voqadmpknmpoqdcÁoqad9x©dÀnz}vyaz}QÏhqÐytdrt;mqz©mIz©mIoqadr {X1−X2, 3X22 −1, X4−X3, 3X24 −1}; oqadvyx{knc3z}mqmqz{t;x{dmqvx©~noqz©v¬ v
α = 3
z©mo:al~;m
β = {X1 = X2 = X3 = X4 = 1√3}
¸
¾kvc3~no:z{;[Ïh:Ðt;dt;ympz}mh¬ v
α = 2
Á6vyd8ÃadV E[z{c3c3drz©oqdx©k[o:a;¥oo:admqklmpoqdrc
{α = 2, g = 0, g ∈ E ′} z©m@Vdrqv³±z{c3dwmpz©v;xM¸µ9;x{klz©¨o:adx©v:z{oqacÅndrm::z©twdV z©­mpdV/o:z{vy;¸ ¸ lÁ;vd"rº;;oqaw¥o9z{o9a;mvyx{kvdmqvx©~noqz©v»Qz{oqaFx©xÍSvymqz½o:z{«ydvlvnz©;¥o:drmrÁO»Qa;z©az}moqal~;m
β = {X1 = X2 = X3 = X4 = 1√3}
¸
6dou~wm"v¥»%mpoq~;nkoqa;dympd
α = 1
¸[¾kµvc3~no:z{;¨¨Ïh:Ðtdr"t;ympz}m¬ vsFx©dÀnz©vy:az}
vy:d:z{s»Qz{oqa
X1 > X2 > X3 > X4
Ávydv¬6o:adSvx©kO;vc3z©x©mz©oqadtwmqz©mz}m
(2 X4 + 1) (2 X4 − 1)
(
6 X4
2 + 6 X4 + 1
) (
6 X4
2 − 6 X4 + 1
) (
3 X3
2 − 2 + 3 X42
) ¯\y²
;qvyc ¯\²ÁOv;d98dVmqz{x©kº;wsoqa;o·vx©kuoqadQ¬ vyx{x©v¥»Qz©hoqa:ddªrmqdrm
2X4−1 = 0
Á
6X24 −6X4 +
1 = 0
Á
3X23 − 2 + 3X23 = 0
qd;ddrµo:vv;mqz©dumqz©;d8o:ad voqadrumq~t;mqknmo:dc8mawÎ«dx©drqx©k
;vcsz}m:mpz©tx©dmqvx©~noqz©v;mr¸ÃgFv:dv¥«ydVÁ
vydr­adV Eµoqa;ostSvo:aÄmqklmpoqdrc8m {α = 1, 2X4 − 1 =
0, g = 0, g ∈ E ′} ; {α = 1, 6X24 − 6X4 + 1 = 0, g = 0, g ∈ E ′}
a;Î«yd3º;;z½o:dl~ctSd"v¬
mqvx©~no:z{vy;m¸2L´µvndrªo:vmqz{c3x©z{¬ kFoqad8mpoq~;kÁ(»dsvc3~no:duo:adz©qvlvo:m»Qz½o:aµ~z}|O~d8mpknmpoqdc v¬
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dV|O~;¥o:z{vy;m {α = 1, (2X4− 1)(6X24 − 6X4 + 1) = 0, g = 0, g ∈ E ′}
~;mqz©o:adc3doqa;vlndrm::z©twdV
z©¨mqdroqz©v¨;¸ ¸ l¸)ªz©:dr/ovycs;~no:oqz©v¨mqav¥»9mQo:a;¥ooqadrqds:d
3
ync3z©m:mqz{tx©dmqvx©~noqz©vwmQ¬ v
α = 1;
(2X4 − 1)(6X24 − 6X4 + 1) = 0
¸®v
α = 1
;
3X23 − 2 + 3X24 = 0
Á¼»¼dvycs;~noqd
Ãx©dÀnz}vyaz}FÏhqÐytdrt;mqz}m»Qz{oqa
X1 > X2 > X3 > X4
¸ L±ovOo:z{;m8oqadwvyx{klvycsz}x
(X2 −X4)(X2 + X4)
mpvuoqa;oQvd :drmpoq:z©o¼o:advycs;~no:oqz©v;mtlk ;nz{;
(X2 −X4)
oqvsoqad
mqknmo:dc¸8¹µd Oz©µvc3~no:dx©dÀnz}vyaz}3ÏhqÐytdtwmqz©m»Qz{oqa
X1 > X2 > X3 > X4
¸L±o
vOo:z{wmªo:ad3wvyx{klvyc3z©x
X4(X1 − X3)
mpvoqaw¥ovd3yz©¨:drmpoq:z}/ohoqad8vyc3~no:oqz©v;mhtlk
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